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Extending tamely ramified strict 1-motives into ke´t log
1-motives
Abstract. We define ke´t abelian schemes, ke´t 1-motives, and ke´t log 1-
motives, and formulate duality theory for these objects. Then we show that
tamely ramified strict 1-motives over a complete discrete valuation field can be
extended to ke´t log 1-motives over the corresponding discrete valuation ring.
As an application, we present a proof to a result of Kato stated in [Kat92,
§4.3] without proof.
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2 EXTENDING TAMELY RAMIFIED STRICT 1-MOTIVES INTO KE´T LOG 1-MOTIVES
Notation and conventions
Let S be an fs log scheme, we denote by (fs/S) the category of fs log schemes
over S, and denote by (fs/S)e´t (resp. (fs/S)ke´t, resp. (fs/S)fl, resp. (fs/S)kfl) the
classical e´tale site (resp. Kummer e´tale site, resp. classical flat site, resp. Kummer
flat site) on (fs/S). In order to shorten formulas, we will mostly abbreviate (fs/S)e´t
(resp. (fs/S)ke´t, resp. (fs/S)fl, resp. (fs/S)kfl) as Se´t (resp. Ske´t, resp. Sfl, resp.
Skfl). We refer to [Ill02, 2.5] for the classical e´tale site and the Kummer e´tale site,
and [Kat19, Def. 2.3] and [Niz08, §2.1] for the Kummer flat site. The definition
of the classical flat site is an obvious analogue of that of the classical e´tale site.
Then we have two natural “forgetful” map of sites:
(0.1) εe´t : (fs/S)ke´t → (fs/S)e´t
and
(0.2) εfl : (fs/S)kfl → (fs/S)fl.
Kato’s multiplicative group (or the log multiplicative group) Gm,log is the sheaf
on Se´t defined by Gm,log(U) = Γ(U,M
gp
U ) for any U ∈ (fs/S), where MU denotes
the log structure of U and MgpU denotes the group envelope of MU . The Kummer
e´tale sheaf Gm,log is also a sheaf on Skfl, see [Niz08, Cor. 2.22] for a proof.
By convention, for any sheaf of abelian groups F on Skfl and a subgroup sheaf G
of F on Skfl, we denote by (F/G)Se´t (resp. (F/G)Sfl , resp. (F/G)Ske´t) the quotient
sheaf on Se´t (resp. Sfl, resp. Ske´t), while F/G denotes the quotient sheaf on Skfl.
We abbreviate the quotient sheaf Gm,log/Gm on Skfl as Gm,log.
1. Introduction
Let R be a complete discrete valuation ring with fraction field K, residue field
k, and a chosen uniformizer π, S = SpecR, and we endow S with the log structure
associated to N→ R, 1 7→ π. Let s (resp. η) be the closed (resp. generic) point of
S, we denote by i : s →֒ S (resp. j : η →֒ S) the closed (resp. open) immersion of
s (resp. η) into S. We endow s with the induced log structure from S.
Let MK = [YK
uK−−→ GK ] be a 1-motive over K. By [Ray94, Thm. 4.2.2], one
can associate toMK a 1-motiveM
′
K = [Y
′
K
u′K−−→ G′K ] overK together with a canon-
ical map M ′K,rig → MK,rig such that G
′
K has potentially good reduction, i.e. M
′
K
is strict, and the map is a quasi-isomorphism in the derived category Dbrig(Kfppf).
Here MK,rig (resp. M
′
K,rig) denotes the rigid analytic 1-motive associated to MK
(resp. M ′K), and D
b
rig(Kfppf) denotes the derived category of bounded complex of
sheaves of abelian groups for the flat topology on the small rigid site of SpecK.
The canonical map M ′K,rig →MK,rig induces an isomorphism Tn(M
′
K)→ Tn(MK)
for any positive integer n. Hence if one is only interested in problems related to
Tn(MK), it is harmless to assume that MK is strict.
For a 1-motive MK = [YK
uK−−→ GK ] over K coming from a log 1-motive in the
sense of [KT03, 4.6.1], [BCC04, Thm. 19] extends Tn(MK) to a log finite group
object in (fin/S)r (see Definition 5.1) by using Kato’s classification theorem for
objects in (fin/S)r for an fs log scheme S with its underlying scheme a noetherian
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strictly henselian local ring. Note that such a 1-motive, YK and GK have good
reduction automatically by the definition of log 1-motives from [KT03, 4.6.1].
For us, a log 1-motive is as defined in [KKN08, Def. 2.2], which is the more
suitable one over a general base. We are going to show that a 1-motive MK =
[YK
uK−−→ GK ] with both YK and GK having good reduction, can be extended to a
unique log 1-motive M = [Y
u
−→ Glog] over S. Hence a log 1-motive in the sense of
[KT03, Def. 4.6.1] is a log 1-motive in our sense. Taking Tn(M), we get an object
of (fin/S)r with generic fiber Tn(MK). This gives an alternative proof to [BCC04,
Thm. 19]. Moreover, if we replace log 1-motive by ke´t log 1-motive (see Definition
2.6), we can generalize the result to tamely ramified strict 1-motives over K, see
the theorem below. Here a strict 1-motiveMK = [YK
uK−−→ GK ] is said to be tamely
ramified, if both YK and GK have good reduction after a tamely ramified extension
of K.
Theorem 1.1 (See also Theorem 3.1). Let MK = [YK
uK−−→ GK ] be a tamely
ramified strict 1-motive over K. Then MK extends to a ke´t log 1-motive M
log over
S.
The main player of this article is of course ke´t log 1-motives which are defined
in Section 2. In fact, we define ke´t tori, ke´t lattice, ke´t abelian schemes, ke´t 1-
motives, and ke´t log 1-motives, and formulate duality theory for these objects.
The highlight is the following special case of Theorem 1.1, which gives rise to a
concrete non-trivial example of ke´t abelian scheme.
Theorem 1.2 (See also Theorem 3.2). Let K be a complete discrete valuation
field with ring of integers R, and BK a tamely ramified abelian variety over K.
We endow S := SpecR with the canonical log structure, then BK extends to a ke´t
abelian scheme B over S.
Section 3 is devoted to the proof of Theorem 1.1.
In Section 4, for a tamely ramified strict 1-motive MK as in Theorem 1.1, we
associate a logarithmic monodromy pairing to M and compare it with Raynaud’s
geometric monodromy for MK .
In Section 5, as an application of Theorem 1.1, we present a proof to the
following theorem (see also Theorem 5.2) which is stated in the preprint [Kat92,
§4.3] without proof.
Theorem 1.3 (Kato). Let K be a complete discrete valuation field with ring of
integers R, p a prime number, and AK a tamely ramified abelian variety over K.
We endow S := SpecR with the canonical log structure. Then the p-divisible group
AK [p
∞] of AK extends to a ke´t log p-divisible group, i.e. an object of (p-div/S)
log
e´
(see Definition 5.2). It extends to an object of (p-div/S)logd (see Definition 5.2) if
any of the following two conditions is satisfied.
(1) AK has semi-stable reduction.
(2) p is invertible in R.
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2. Ke´t log 1-motives
2.1. Ke´t log 1-motives. The following definitions about log 1-motives are
taken from [KKN08, §2].
Definition 2.1. Let S be an fs log scheme, T a torus over the underlying
scheme of S with its character group X . The log augmentation of T , denoted
as Tlog, is the sheaf of abelian groups
HomSe´t(X,Gm,log)
on (fs/S)e´t. Let G be an extension of an abelian scheme B by T over the underlying
scheme of S. The logarithmic augmentation of G, denoted as Glog, is the push-
out of G along the inclusion T →֒ Tlog.
Definition 2.2. A log 1-motive over an fs log scheme S is a two-term complex
M = [Y
u
−→ Glog] in the category of sheaves of abelian groups on (fs/S)e´t, with the
degree −1 term Y an e´tale locally constant sheaf of finitely generated free abelian
groups and the degree 0 term Glog as above. We also call Y the lattice part of
M .
By [Zha17, Prop. 2.1], one can replace (fs/S)e´t by (fs/S)ke´t in the above
definitions. In particular, Tlog and Glog are sheaves on (fs/S)ke´t.
Now we define ke´t 1-motives and ke´t log 1-motives, and we work with (fs/S)ke´t.
Definition 2.3. A ke´t (kummer e´tale) lattice (resp. ke´t torus, resp.
ke´t abelian scheme) over an fs log scheme S is a sheaf F of abelian groups on
(fs/S)ke´t such that the pull-back of F to S
′ is a lattice (resp. torus, resp. abelian
scheme) over S′ for some Kummer e´tale cover S′ of S. Here by a lattice, we mean
a group scheme which is e´tale locally representable by a finite rank free abelian
group.
Definition 2.4. Let S be an fs log scheme. A ke´t 1-motive over S is a
two-term complex M = [Y
u
−→ G] in the category of sheaves of abelian groups on
(fs/S)ke´t, such that the degree −1 term Y is a ke´t lattice and the degree 0 term G
is an extension of a ke´t abelian scheme B by a ke´t torus T .
Lemma 2.1. Let S be an fs log scheme. Then the associations
T 7→ HomSke´t(T,Gm), X 7→ HomSke´t(X,Gm)
define an equivalence between the category of ke´t tori over S and the category of ke´t
locally constant sheaves of finitely generated free abelian groups over S. We still
call the ke´t lattice HomSke´t(T,Gm) the character group of the ke´t torus T .
Proof. This follows from the classical equivalence between the category of tori
and the category of e´tale locally constant sheaves of finitely generated free abelian
groups. 
Definition 2.5. Given a ke´t torus T over S, let X := HomSke´t(T,Gm) be the
character group of T . The logarithmic augmentation of T , denoted as Tlog, is
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the sheaf of abelian groups
HomSke´t(X,Gm,log)
on (fs/S)ke´t. Let G be an extension of a ke´t abelian scheme B by T over S. The
logarithmic augmentation of G, denoted as Glog, is the push-out of G along
the inclusion T →֒ Tlog.
Note that the quotient (Glog/G)Ske´t is canonically identified with the quotient
(Tlog/T )Ske´t , which can be further identified with HomSke´t(X, (Gm,log/Gm)Ske´t).
Definition 2.6. A ke´t log 1-motive over an fs log scheme S is a 2-term
complex M = [Y
u
−→ Glog] of sheaves of abelian groups on (fs/S)ke´t such that Y is
a ke´t lattice over S and G is an extension of a ke´t abelian scheme B by a ke´t torus
over S. The composition
Y
u
−→ Glog → (Glog/G)Ske´t = (Tlog/T )Ske´t = HomSke´t(X, (Gm,log/Gm)Ske´t)
corresponds to a pairing
Y ×X → (Gm,log/Gm)Ske´t .
We call this pairing the monodromy pairing of M .
Proposition 2.1. Let G be an extension of a ke´t abelian scheme B by a ke´t
torus T over an fs log scheme S. Then G is Kummer e´tale locally an extension of
an abelian scheme by a torus.
Proof. Without loss of generality, we may assume that B (resp. T ) is an
abelian scheme (resp. torus) over S. Let ε : (fs/S)ke´t → (fs/S)e´t be the forgetful
map between these two sites. The spectral sequence
Ei,j2 = Ext
i
Se´t(B,R
jε∗T )⇒ Ext
i+j
Ske´t
(B, T )
gives rise to an exact sequence
0→ Ext1Se´t(B, T )→ Ext
1
Ske´t
(B, T )→ HomSe´t(B,R
1ε∗T ).
By this short exact sequence, it suffices to show that HomSe´t(B,R
1ε∗T ) = 0. We
may assume that T = (Gm)
r. Then we get
HomSe´t(B,R
1ε∗T ) =HomSe´t(B,R
1ε∗Gm)
r
=HomSe´t(B, (Gm,log/Gm)Se´t ⊗Z (Q/Z)
′)r
=0
by the similar argument as in the proof of [KKN08, Lem. 6.1.1]. This finishes the
proof. 
Remark 2.1. For an abelian scheme B and a torus T over S, the same argu-
ment as in the proof of Proposition 2.1 shows that Ext1Sfl(B, T )
∼=
−→ Ext1Skfl(B, T ).
Furthermore, we have
Ext1Ske´t(B, T )
∼= Ext1Se´t(B, T )
∼= Ext1Sfl(B, T )
∼= Ext1Skfl(B, T ).
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2.2. Ke´t log 1-motives in the Kummer flat topology. In this subsection,
we assume that the underlying scheme of the base S is locally noetherian. We show
that a ke´t log 1-motive can be regarded as a 2-term complex in the category of
sheaves for the Kummer flat topology.
Lemma 2.2. Let S be an fs log scheme, and let F be a sheaf of abelian groups on
(fs/S)ke´t such that F ×S S
′ is representable by an fs log scheme for some Kummer
e´tale cover S′ of S. Then F is also a sheaf for the Kummer flat topology. In
particular, ke´t lattices, ke´t tori, and ke´t abelian schemes over S are sheaves for the
Kummer flat topology.
Proof. It suffices to prove that, for any U ∈ (fs/S) and any Kummer flat
cover {Ui}i∈I of U , the canonical sequence
0→ F (U)→
∏
i∈I
F (Ui)→
∏
i,j∈I
F (Ui ×U Uj)
is exact. Let S′′ := S′ ×S S
′, consider the following commutative diagram
0

0

0

0 // F (U) //

∏
i∈I F (Ui)
//

∏
i,j∈I F (Ui ×U Uj)

0 // F (U ×S S
′) //

∏
i∈I F (Ui ×S S
′) //

∏
i,j∈I F (Ui ×U Uj ×S S
′)

0 // F (U ×S S
′′) //
∏
i∈I F (Ui ×S S
′′) //
∏
i,j∈I F (Ui ×U Uj ×S S
′′)
with exact columns. Since F ×S S
′ is representable by an fs log scheme, so is
F ×S S
′′. By [KKN15, Thm. 5.2], both F ×S S
′ and F ×S S
′′ are sheaves for the
Kummer flat topology. It follows that the second row and the third row are both
exact. Therefore the first row is also exact. This finishes the proof. 
Corollary 2.1. Let S be an fs log scheme, and let G be an extension of a
ke´t abelian scheme B by a ke´t torus T over S. Then the logarithmic augmentation
Glog of G defined in Definition 2.5 is a sheaf for the Kummer flat topology.
Proof. Since Gm,log is a sheaf for the Kummer flat topology by [Kat19, Thm.
3.2] and X is a sheaf for the Kummer flat topology by Lemma 2.2, so is Tlog =
HomSke´t(X,Gm,log). Let δ : (fs/S)kfl → (fs/S)ke´t be the forgetful map between
these two sites. The adjunction (δ∗, δ∗) gives rise to the following commutative
diagram
0 // Tlog //
=

Glog //

B //
=

0
0 // Tlog // δ∗δ
∗Glog // B // R
1δ∗Tlog
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with exact rows. The left vertical identification comes from Tlog being a sheaves for
the Kummer flat topology. The right identification follows from Lemma 2.2. Since
Tlog is Kummer e´tale locally of the form G
r
m,log, we get R
1δ∗Tlog = 0 by Kato’s
logarithmic Hilbert 90, see [Kat19, §5]. Therefore the canonical map Glog →
δ∗δ
∗Glog is an isomorphism, i.e. Glog is also a sheaf for the Kummer flat topology.

2.3. Duality. In this subsection, we assume that the underlying scheme of
the base S is locally noetherian. We formulate the duality theory for ke´t abelian
schemes, ke´t 1-motives, and ke´t log 1-motives respectively.
Let B be an abelian scheme over a base scheme S, the dual abelian scheme B∨
can be described as Ext1Sfl(B,Gm) by Weil-Barsotti formula. We are going to use
this description to define the dual of a given ke´t abelian scheme.
Theorem 2.1. Let S be an fs log scheme. For any ke´t abelian scheme B over
S, we denote B∨ := Ext1Skfl(B,Gm). Then we have the following.
(1) The sheaf B∨ is a ke´t abelian scheme over S.
(2) There exists a functorial isomorphism ι : B
∼=
−→ (B∨)∨.
Proof. For part (1), we may assume that B is actually an abelian scheme.
Let εfl : (fs/S)kfl → (fs/S)fl be the forgetful map between these two sites. Let F1
(resp. F2) be a sheaf on (fs/S)fl (resp. (fs/S)kfl), then we have
εfl∗HomSkfl(ε
∗
flF1, F2) = HomSfl(F1, εfl∗F2).
Let θ be the functor sending F2 to εfl∗HomSkfl(ε
∗
flF1, F2) = HomSfl(F1, εfl∗F2), then
we get two Grothendieck spectral sequences
Ep,q2 = R
pεfl∗ ◦R
qHomSkfl(ε
∗
flF1,−)⇒ R
p+qθ
and
Ep,q2 = R
pHomSfl(F1,−) ◦R
qεfl∗ ⇒ R
p+qθ.
These two spectral sequences give two exact sequences
0→ R1εfl∗HomSkfl(ε
∗
flF1, F2)→ R
1θ(F2)→ εfl∗Ext
1
Skfl
(ε∗flF1, F2)
→ R2εfl∗HomSkfl(ε
∗
flF1, F2)
and
0→ Ext1Sfl(F1, εfl∗F2)→ R
1θ(F2)→ HomSfl(F1, R
1εfl∗F2).
Let F1 = B and F2 = Gm. Since HomSkfl(B,Gm) = 0 by [sga72, Exp. VIII, 3.2.1],
we get
R1θ(Gm) ∼= εfl∗Ext
1
Skfl
(B,Gm),
therefore we get an exact sequence
0→ Ext1Sfl(B,Gm)→ εfl∗Ext
1
Skfl(B,Gm)→ HomSfl(B,R
1εfl∗Gm).
We also have
HomSfl(B,R
1εfl∗Gm) = HomSfl(B, (Gm,log/Gm)Sfl ⊗Z (Q/Z)) = 0
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by the similar argument as in the proof of [KKN08, Lem. 6.1.1], it follows that
(2.1) Ext1Sfl(B,Gm)
∼=
−→ εfl∗Ext
1
Skfl
(B,Gm).
By the Weil-Barsotti formula, the sheaf Ext1Sfl(B,Gm) is representable by the dual
abelian scheme of B. This finishes the proof of part (1).
Now we prove part (2). By [sga72, Exp. VIII, 3.2.1], we have
HomSkfl(B,Gm) = HomSkfl(B
∨,Gm) = 0.
By [sga72, Exp. VIII, 1.1.1, 1.1.4], we get
HomSkfl(B, (B
∨)∨)
∼=
←− Biext1Skfl(B,B
∨;Gm)
∼=
−→ HomSkfl(B
∨, B∨).
Let ι : B → (B∨)∨ be the homomorphism corresponding to 1B∨ under the above
identification. Note that ι is the isomorphism giving the duality in the case that B
is actually an abelian scheme. Since B is Kummer e´tale locally an abelian scheme,
ι is Kummer e´tale locally an isomorphism. It follows that ι is also an isomorphism
over S. 
Definition 2.7. Let S be an fs log scheme, and B a ke´t abelian scheme over
S. In view of Theorem 2.1, we call B∨ := Ext1Skfl(B,Gm) the dual ke´t abelian
scheme of B. The biextension P ∈ Biext1Skfl(B,B
∨;Gm) corresponding to ι is
called the Weil biextension of (B,B∨) by Gm.
Remark 2.2. In view of (2.1), one can also define the dual of B in the flat
topology.
Now let S be an fs log scheme, and let M = [Y
u
−→ G] be a ke´t 1-motive over
S, where G is an extension 0 → T → G→ B → 0 of a ke´t abelian scheme B by a
ke´t torus T on (fs/S)kfl. For any element χ ∈ X := HomSkfl(T,Gm), the push-out
of the short exact sequence 0→ T → G→ B → 0 along χ gives rise to an element
of B∨ = Ext1Skfl(B,Gm), whence a homomorphism v
∨ : X → B∨. Let v be the
composition Y
u
−→ G→ B, then u corresponds to a unique section s : Y → v∗G of
the extension v∗G ∈ Ext1Skfl(Y, T ). Consider the following commutative diagram
(2.2) Biext1Skfl(B,B
∨;Gm)
(1B ,v
∨)∗

∼= // HomSkfl(B,B)
Ext1Skfl(B, T )
v∗

∼= // Biext1Skfl(B,X ;Gm)
(v,1X )
∗

Ext1Skfl(Y, T )
∼= // Biext1Skfl(Y,X ;Gm)
,
where the horizontal isomorphisms come from
HomSkfl(B,Gm) = Ext
1
Skfl(X,Gm) = 0
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and Ext1Skfl(B
∨,Gm) = B with the help of [sga72, Exp. VIII, 1.1.4]. Since G gives
rise to v∨, the biextension corresponding to G must be (1B, v
∨)∗P and we have the
following mapping diagram
P oo //
❴

1B
G oo //
❴

(1B, v
∨)∗P
❴

v∗G oo // (v, v∨)∗P
with respect to the commutative diagram (2.2). The section s of v∗G corresponds
to a section of the biextension (v, v∨)∗P of (Y,X) by Gm, which we still denote
by s by abuse of notation. Therefore we get an equivalent description of the ke´t
1-motive M = [Y
u
−→ G] of the form
(2.3) (v × v∨)∗P //

P

Y ×X
v×v∨
//
s
II
B ×B∨
,
where (v× v∨)∗P denotes the pull-back of the Weil biextension P . The description
(2.3) is symmetric. If we switch the roll of Y and X , v and v∨, B and B∨, we get
another ke´t 1-motive M∨ = [X
u∨
−−→ G∨], where
(2.4) G∨ ∈ Ext1Skfl(B
∨, T∨)
corresponds to (v, 1B∨)
∗P ∈ Biext1Skfl(Y,B
∨;Gm) with T
∨ := HomSkfl(Y,Gm).
The association of M∨ to M is clearly a duality.
Definition 2.8. We call the ke´t 1-motive M∨ = [X
u∨
−−→ G∨] the dual ke´t
1-motive of the ke´t 1-motive M = [Y
u
−→ G].
Now we formulate the duality theory for ke´t log 1-motives, which is analogous
to the case of ke´t 1-motives.
Let M = [Y
u
−→ Glog] be a ke´t log 1-motive over S, where G is an extension
0→ T → G→ B → 0 of a ke´t abelian scheme B by a ke´t torus T on (fs/S)kfl. For
any element χ ∈ X := HomSkfl(T,Gm), the push-out of the short exact sequence
0 → T → G → B → 0 along χ gives rise to an element of B∨ = Ext1Skfl(B,Gm),
whence a homomorphism v∨ : X → B∨. Let v be the composition Y
u
−→ Glog → B,
then u corresponds to a unique section s : Y → v∗Glog of the extension v
∗Glog ∈
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Ext1Skfl(Y, Tlog). Consider the following commutative diagram
(2.5) Biext1Skfl(B,B
∨;Gm,log)
(1B ,v
∨)∗

Ext1Skfl(B, Tlog)
v∗

∼= // Biext1Skfl(B,X ;Gm,log)
(v,1X )
∗

Ext1Skfl(Y, Tlog)
∼= // Biext1Skfl(Y,X ;Gm,log)
,
where the horizontal isomorphism comes from
Ext1Skfl(X,Gm) = 0
with the help of [sga72, Exp. VIII, 1.1.4]. There is an obvious map from the
diagram (2.2) to the diagram (2.5). Let P log be the push-out of P along Gm →֒
Gm,log. Since G ∈ Ext
1
Skfl
(B, T ) corresponds to the biextension
(1B, v
∨)∗P ∈ Biext1Skfl(B,X ;Gm),
we have Glog ∈ Ext
1
Skfl
(B, Tlog) corresponds to
(1B, v
∨)∗P log ∈ Biext1Skfl(B,X ;Gm,log).
We have the following mapping diagram
P log
❴

Glog oo //
❴

(1B, v
∨)∗P log
❴

v∗Glog oo // (v, v
∨)∗P log
with respect to the commutative diagram (2.5). The section s of v∗Glog corresponds
to a section of the biextension (v, v∨)∗P log of (Y,X) by Gm,log, which we still denote
by s by abuse of notation. Therefore we get an equivalent description of the ke´t
log 1-motive M = [Y
u
−→ Glog] of the form
(2.6) (v × v∨)∗P log //

P log

Y ×X
v×v∨
//
s
II
B ×B∨
,
where (v × v∨)∗P log denotes the pull-back of P log along v × v∨. The description
(2.6) is symmetric. If we switch the roll of Y and X , v and v∨, B and B∨, we get
another ke´t log 1-motive M∨ = [X
u∨
−−→ G∨log], where G
∨
log is the log augmentation
of G∨ (see (2.4)). The association of M∨ to M is clearly a duality.
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Definition 2.9. We call the ke´t log 1-motive M∨ = [X
u∨
−−→ G∨log] the dual
ke´t log 1-motive of the ke´t log 1-motive M = [Y
u
−→ Glog].
3. Extending tamely ramified strict 1-motives into ke´t log 1-motives
From now on, R is a complete discrete valuation ring with fraction field K,
residue field k, and a chosen uniformizer π, S = SpecR, and we endow S with the
log structure associated to N → R, 1 7→ π. Let s (resp. η) be the closed (resp.
generic) point of S, we denote by i : s →֒ S (resp. j : η →֒ S) the closed (resp.
open) immersion of s (resp. η) into S. We endow s with the induced log structure
from S.
Following [Ray94, Def. 4.2.3], a 1-motiveMK = [YK
uK−−→ GK ] overK is called
strict, if GK has potentially good reduction. We call a 1-motive MK = [YK
uK−−→
GK ] overK tamely ramified, if there exists a tamely ramified finite field extension
K ′ of K such that both YK ×K K
′ and GK ×K K
′ have good reduction. The main
goal is to prove the following theorem.
Theorem 3.1. Let MK = [YK
uK−−→ GK ] be a tamely ramified strict 1-motive
over K with GK an extension of an abelian variety BK by a torus TK. Then MK
extends to a ke´t log 1-motive M log over S.
Before going to the proof of the above theorem, we treat some special cases in
the first few subsections.
3.1. Extending tamely ramified lattices into ke´t lattices.
Proposition 3.1. Let YK be a lattice over K, i.e. a group scheme over K
which is e´tale locally representable by a finite rank free abelian group. Assume that
YK is tamely ramified, then YK extends to a ke´t lattice Y over S.
Proof. Let K ′ be a tamely ramified finite Galois field extension of K such
that YK ×KK
′ is unramified. If necessary, by enlarging K ′ by a further unramified
extension, we may assume that YK ×K K
′ is constant. Let R′ be the integral
closure of R in K ′ and π′ a uniformizer of R′. We endow S′ := SpecR′ with the log
structure associated to N → R′, 1 7→ π′. Then S′ is a finite Kummer e´tale Galois
cover of S with Galois group Gal(K ′/K). Therefore YK extends to a Kummer e´tale
locally constant sheaf Y on S. This finishes the proof. 
3.2. Extending tamely ramified tori into ke´t tori.
Proposition 3.2. Let TK be a torus over K. Assume that TK is tamely
ramified, i.e. there exists a tamely ramified finite field extension K ′ of K such that
TK ×K K
′ has good reduction. Then TK extends to a ke´t torus T over S.
Proof. Let XK := Hom(SpecK)e´t(TK ,Gm) be the character group of TK .
Then XK is tamely ramified. Hence XK extends to a ke´t lattice over S. It follows
that T := HomSke´t(X,Gm) is a ke´t torus over S which extends TK . 
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3.3. Extending tamely ramified abelian varieties into ke´t abelian
schemes. Let BK be a tamely ramified abelian variety over K, and let K
′ be a
tamely ramified finite Galois field extension of K such that BK′ := BK ×K K
′ has
good reduction. Let R′ be the integral closure of R in K ′, then BK′ extends to an
abelian scheme B′ over S′ := SpecR′. Let π′ be a uniformizer of R′, and we endow
S′ with the log structure associated to N → R′, 1 7→ π′. Then S′ is a finite Galois
Kummer e´tale cover of S with Galois group Γ := Gal(K ′/K). Let ρ : Γ× S′ → S′
be the canonical action of Γ on S′, then the morphism (ρ, pr2) : Γ× S
′ → S′ ×S S
′
is an isomorphism. By [BLR90, §1.2, Prop. 8], B′ is the Ne´ron model of BK′ . By
the universal property of Ne´ron model, the Γ-action on BK′ extends to a unique
Γ-action
(3.1) ρ˜ : Γ×B′ → B′
on B′ which is compatible with the Γ-action ρ on S′ and the group structure of B′.
We endow B′ with the induced log structure from S′.
Let p′ denote the structure morphism B′ → S′, α denote the morphism S′ → S,
and p := α ◦ p′. For any U ∈ (fs/S) and any (a, b) ∈ (B′ ×S B
′)(U), we have
α(p′(a)) = α(p′(b)). Hence there exists a unique γ ∈ Γ such that p′(a) = ρ(γ, p′(b)).
Since p′(ρ˜(γ, b)) = ρ(γ, p′(b)) = p′(a), we get (a, ρ˜(γ, b)) ∈ (B′ ×S′ B
′)(U). We
define a morphism
Φ : B′ ×S B
′ → Γ× (B′ ×S′ B
′)
by sending (a, b) to (γ−1, (a, ρ˜(γ, b)).
Lemma 3.1. The morphism Φ is an isomorphism with inverse
Ψ : Γ× (B′ ×S′ B
′)→ B′ ×S B
′, (γ, (a, b)) 7→ (a, ρ˜(γ, b))
for any U ∈ (fs/S), any (a, b) ∈ (B′ ×S′ B
′)(U), and any γ ∈ Γ.
Proof. Clearly Φ and Ψ are inverse to each other. 
Lemma 3.2. The canonical morphism
(3.2) (ρ˜, pr2) : Γ×B
′ → B′ ×S B
′
is a monomorphism of sheaves on (fs/S)ke´t.
Proof. The composition
Γ×B′
(ρ˜,pr2)−−−−→ B′ ×S B
′ ι−→ B′ ×S B
′ Φ−→ Γ× (B′ ×S′ B
′)
is identified with the morphism 1Γ×∆B′/S′ , where ι denotes the morphism switch-
ing the two factors. Therefore the result follows. 
By [Sta19, Tag 0234], the action ρ˜ defines a groupoid scheme over S, hence by
[Sta19, Tag 0232] the morphism
(ρ˜, pr2) : Γ×B
′ → B′ ×S B
′
is a pre-equivalent relation. Moreover, (ρ˜, pr2) is an equivalent relation by Lemma
3.2. The morphism
(ρ, pr2) : Γ× S
′ → S′ ×S S
′
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being an isomorphism is clearly an equivalent relation.
Now we are following [Sta19, Tag 02VE] to construct a ke´t abelian scheme
over S. We remark that although the setting-up there does not agree with ours,
but the proofs there work verbatim in our case.
Following the approach of [Sta19, Tag 02VG], we take the quotient sheaves for
the equivalence relations (ρ˜, pr2) and (ρ, pr2) on the site (fs/S)ke´t. Since (ρ, pr2)
is an isomorphism, the corresponding quotient sheaf is representable by the initial
object S. Let B be the quotient sheaf for equivalence relation (ρ˜, pr2). Since
the two equivalence relations are compatible, we get a morphism B → S. Since
the equivalence relation (ρ˜, pr2) is compatible with the group structure of B
′, the
quotient sheaf B′ carries a structure of sheaf of abelian groups. The verbatim
translations of the proof of [Sta19, Tag 045Y] and the proof of [Sta19, Tag 07S3]
show that
(3.3) Γ×B′
∼=
−→ B′ ×B B
′
and
(3.4) B′
∼=
−→ B ×S S
′
respectively, hence B is a ke´t abelian scheme over S.
To conclude, we get the following theorem.
Theorem 3.2. Let BK be a tamely ramified abelian variety over K. Then BK
extends to a ke´t abelian scheme B over S. The association gives rise to a functor
Ke´t : TameAbK → Ke´tAbS , BK 7→ B
from the category of tamely ramified abelian varieties over K to the category of ke´t
abelian schemes over S.
It is natural to investigate if the functor Ke´t is compatible with the dualities
on both sides.
Proposition 3.3. The functor Ke´t : TameAbK → Ke´tAbS is compatible with
the dualities, i.e. we have a canonical identification
Ke´t(B∨K)
∼= Ke´t(BK)
∨.
Proof. Let S′, Γ, B′, and B be as in (3.3) and (3.4), then B = Ke´t(BK). By
(3.4), we have
B∨ ×S S
′ =Ext1Skfl(B,Gm)×S S
′ = Ext1S′
kfl
(B ×S S
′,Gm)
=Ext1S′
kfl
(B′,Gm) = B
′∨.
It follows that B∨ = Ext1Ske´t(B,Gm) is the quotient sheaf for a descent data with
respect to the Galois Kummer e´tale cover S′/S. Such a descent data is given by a
group action τ : Γ × B
′∨ → B
′∨. In order to have the identification Ke´t(B∨K)
∼=
Ke´t(BK)
∨ = B∨, we are reduced to identify the action τ with the action ρ˜∨ :
Γ× B
′∨ → B
′∨ for B∨K which corresponds to the action (3.1) for BK . But this is
clear, since Γ×B′ = ⊔γ∈ΓB
′ and these two actions agree over the generic fiber. 
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3.4. Proof of Theorem 3.1. In this subsection, we prove Theorem 3.1.
Let vK be the composition YK
uK−−→ GK → BK , XK the character group of
the torus TK , and v
∨
K : XK → B
∨
K the homomorphism corresponding to the semi-
abelian variety GK . By [Ray94, 2.4.1], the 1-motive MK is uniquely determined
by a commutative diagram of the form
(3.5) PK

YK ×SpecK XK
vK×v
∨
K//
sK
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
BK ×SpecK B
∨
K
,
where sK is a bilinear map. Note that sK corresponds to a unique section
(3.6) tK : YK ×SpecK XK → EK ,
where EK denotes the pull-back of the Weil biextension PK of BK and its dual B
∨
K
along vK × v
∨
K .
Let K ′ be a finite tamely ramified Galois extension of K such that BK extends
to an abelian scheme B′ over S′ := SpecR′, YK extends to a constant group scheme
over S′, and TK extends to a split torus over S
′, where R′ denotes the integral
closure of R in K ′. Let π′ be a uniformizer of R′ such that π′ = π
1
e with e the
ramification index of the extension K ′/K, and we endow S′ with the log structure
associated to N → R′, 1 7→ π′. Then S′ is a finite Galois Kummer e´tale cover of S
with Galois group Γ := Gal(K ′/K).
Let Y (resp. X) be the ke´t lattice over S extending YK (resp. XK) as con-
structed in Subsection 3.1, then Y (resp. X) can be regarded as a Γ-module. Let T
be the ke´t torus over S extending TK as constructed in Subsection 3.2. Note that
T is nothing but HomSke´t(X,Gm). Let B (resp. B
∨) be the ke´t abelian scheme
extending BK (resp. B
∨
K) as constructed in Subsection 3.3, and let P be the Weil
biextension of (B,B∨) by Gm.
Lemma 3.3. The homomorphism vK (resp. v
∨
K) extends to a unique homomor-
phism v : Y → B (resp. v∨ : X → B∨).
Proof. We only treat the case of vK , the other one can be done in the same
way. We have B ×S S
′ = B′ by (3.4). Therefore
B(S′) = B′(S′) = B′(SpecK ′) = BK(SpecK
′).
Since Y is equivalent to a Γ-module, we get
HomS(Y,B) = HomZ−Mod(Y,B(S
′))Γ = HomZ−Mod(YK , BK(SpecK
′))Γ.
It follows that vK extends to a unique homomorphism v : Y → B. 
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By Lemma 3.3, we get a map v × v∨ : Y ×S X → B ×S B
∨. Let P log be the
push-out of P along the inclusion Gm →֒ Gm,log, we get the following diagram
(3.7) P log

Y ×S X
v×v∨
//
sK
88
B ×S B
∨
over S. The dotted arrow in (3.7) means that it is only a map over SpecK. The
restriction of (3.7) to SpecK is clearly just the diagram (3.5).
Lemma 3.4. The bilinear map sK from (3.5) extends uniquely to a bilinear
map slog : Y ×S X → P
log making the diagram (3.7) commutative.
Proof. Let E be the pull-back of P long the map v × v∨ on (fs/S)kfl, and
let Elog be the push-out of E along the canonical map Gm →֒ Gm,log on (fs/S)kfl.
Since both Y and X are Kummer e´tale locally representable by a finitely generated
free abelian group, we have
Biext1Skfl(Y,X ;−) = Ext
1
Skfl
(Y ⊗L X,−) = Ext1Skfl(Y ⊗X,−)
by [sga72, Exp. VII, 3.6.5]. Therefore E (resp. Elog) can be regarded as an
element of Ext1Skfl(Y ⊗X,Gm) (resp. Ext
1
Skfl(Y ⊗X,Gm,log)), and E
log is still the
push-out of E under these identifications. Similarly, EK := E ×S SpecK can be
regarded as an element of Ext1(SpecK)fl(YK ⊗XK ,Gm). Note that both E and E
log
over S restrict to EK over K. The extensions E, E
log, and EK , give rise to exact
sequences
(3.8) 0→ Gm(S
′)→ E(S′)→ Y ⊗X(S′)→ H1kfl(S
′,Gm),
(3.9) 0→ Gm,log(S
′)→ Elog(S′)→ Y ⊗X(S′)→ H1kfl(S
′,Gm,log),
and
(3.10) 0→ Gm(K
′)→ EK(K
′)→ YK ⊗XK(K
′)→ H1fl(SpecK
′,Gm)
respectively. Clearly we have
H1fl(S
′,Gm) = H
1
e´t(S
′,Gm) = 0
and
H1fl(SpecK
′,Gm) = H
1
e´t(SpecK
′,Gm) = 0.
The short exact sequence 0 → Gm → Gm,log → (Gm,log/Gm)Sfl → 0 gives rise to
an exact sequence
→ H1fl(S
′,Gm)→ H
1
fl(S
′,Gm,log)→ H
1
fl(S
′, (Gm,log/Gm)Sfl)→ .
Since H1fl(S
′, (Gm,log/Gm)Sfl) = H
1
fl(S
′, i′∗Z) = H
1
fl(s
′,Z) = H1e´t(s
′,Z) = 0, where i′
denotes the inclusion of the closed point s′ of S′ into itself, we get H1fl(S
′,Gm,log) =
0. By Kato’s logarithmic Hilbert 90, see [Niz08, Thm. 3.20], we get
H1kfl(S
′,Gm,log) = H
1
fl(S
′,Gm,log) = 0.
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The exact sequences (3.8), (3.9), and (3.10) fit into the following commutative
diagram
(3.11)
0 // Gm(S
′) //

E(S′) //

Z(S′)
δ // H1kfl(S
′,Gm)

0 // Gm,log(S
′) //

Elog(S′) //

Z(S′) //

0
0 // Gm(SpecK
′) // EK(SpecK
′) // ZK(SpecK
′) // 0
with exact rows, where Z and ZK denote Y ⊗X and YK ⊗XK respectively. Since
Y and X become constant over S′, the map
Z(S′)→ ZK(SpecK
′)
is an isomorphism. The map Gm,log(S
′) → Gm(SpecK
′) is also an isomorphism.
Therefore the restriction map
Elog(S′)→ EK(SpecK
′) = Elog(SpecK ′)
is an isomorphism. We regard EK as an extension of YK ⊗ XK by Gm, then
the section tK (see (3.6)) of EK induces a section to the surjection E
log(S′) →
Y ⊗X(S′). This induced section is clearly Gal(S′/S)-equivariant, therefore gives
rise to a section
(3.12) tlog : Y ⊗X → Elog
to the extension Elog of Y ⊗X by Gm,log. The homomorphism t
log is automatically
also a section to the corresponding biextension Elog of (Y,X) by Gm,log. Note that
Elog is also the pull-back of P log along v× v∨, and tlog gives rise to a bilinear map
slog : Y ×SX → P
log which extends sK . Clearly we have the following commutative
diagram
(3.13) P log

Y ×S X
v×v∨
//
slog
99
rr
rrr
rr
rrr
r
B ×B∨
.
This finishes the proof. 
Now we are ready to prove Theorem 3.1.
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Proof of Theorem 3.1. Recall that T = HomS(X,Gm), and let Tlog :=
HomS(X,Gm,log). We have the following two commutative diagrams
Ext1Skfl(B, T )
v∗

∼= // Biext1Skfl(B,X ;Gm)
(v,1X )
∗

Ext1Skfl(Y, T )
∼= // Biext1Skfl(Y,X ;Gm)
and
Ext1Skfl(B, Tlog)
v∗

∼= // Biext1Skfl(B,X ;Gm,log)
(v,1X )
∗

Ext1Skfl(Y, Tlog)
∼= // Biext1Skfl(Y,X ;Gm,log)
,
where the horizontal maps being isomorphisms comes from
Ext1Skfl(X,Gm) = Ext
1
Skfl
(X,Gm,log) = 0
with the help of [sga72, Exp. VIII, 1.1.4]. Let G ∈ Ext1Skfl(B, T ) (resp. Glog ∈
Ext1Skfl(B, Tlog)) be the extension corresponding to the biextension (1B, v
∨)∗P
(resp. (1B, v
∨)∗P log), then the section slog of Elog gives rise to a homomorphism
ulog : Y → Glog fitting into the following commutative diagram
(3.14) Y
v

ulog
}}④④
④
④
④
④
④
④
0 // Tlog // Glog // B // 0
0 // T //
OO
G //
OO
B // 0
of sheaves of abelian groups on (fs/S)kfl. This gives a two-term complex
Y
ulog
−−→ Glog.
Since both X and Y are representable by a finitely generated free abelian group
over S′, we have that G×S S
′ is an extension of the abelian scheme B×S S
′ by the
torus T ×S S
′ on (fs/S′)e´t by Remark 2.1 and u
log×S S
′ : Y ×S S
′ → Glog ×S S
′ is
a log 1-motive over S′. Therefore Y
ulog
−−→ Glog is a ke´t log 1-motive over S. Clearly
the ke´t log 1-motive Y
ulog
−−→ Glog extends MK . 
Corollary 3.1. Let the notation and the assumptions be as in Theorem 3.1.
We further assume that both YK and GK have good reduction. Then the ke´t log
1-motive M log = [Y
ulog
−−→ Glog] associated to MK is a log 1-motive.
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Proof. Since both YK and GK have good reduction, both X and Y are e´tale
locally representable by a finitely generated free abelian group over S. Therefore
G is an extension of the abelian scheme B by the torus T on (fs/S)kfl. By Remark
2.1, G comes from an extension on (fs/S)e´t. It follows that Y
ulog
−−→ Glog is a log
1-motive over S. 
Remark 3.1. Corollary 3.1 shows that a log 1-motive in the sense of [KT03,
4.6.1] extends uniquely to a log 1-motive in our sense (i.e. in the sense of [KKN08,
Defn. 2.2]).
4. Monodromy
In this section, we construct a pairing for a tamely ramified strict 1-motiveMK
over a complete discrete valuation field via the ke´t log 1-motive M log associated to
MK . We compare it with the geometric monodromy pairing from [Ray94, 4.3].
4.1. Logarithmic monodromy pairing. We adopt the notation from last
section. Consider the following push-out diagram
(4.1) 0 // Gm // _

E // _

Y ⊗Z X // 0
0 // Gm,log // E
log // Y ⊗Z X //
tlog
ee 0
,
where tlog is the section (3.12). Then the section tlog induces a linear map
Y ⊗Z X → E
log/E ∼= (Gm,log/Gm)Skfl ,
which corresponds to a bilinear map
(4.2) 〈−,−〉 : Y ×X → (Gm,log/Gm)Skfl .
This pairing is nothing but the monodromy pairing (2.6) for the ke´t log 1-motive
M log.
Definition 4.1. We call the pairing (4.2) the logarithmic monodromy
pairing of the tamely ramified strict 1-motive MK .
Proposition 4.1. Let the assumption and the notation be as in Theorem 3.1
and its proof. The monodromy pairing (4.2) vanishes if and only if the section tlog
is induced from a section t : Y ⊗S X → E of E.
When such a section t exists, it corresponds to a section s : Y ×SX → P which
further corresponds to a map u : Y → G. The map s and u extend the diagrams
(3.13) and (3.14) to the commutative diagrams
(4.3) P //

P log

Y ×S X
v×v∨
//
s
88
q
q
q
q
q
q
q
q
q
q
q
slog
44❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
B ×S B
∨ B ×S B
∨
.
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and
(4.4) Y
v

ulog
}}④④
④
④
④
④
④
④
u
✌
✌
✌
✌
✌
✌
✌
✌
0 // Tlog // Glog // B // 0
0 // T //
OO
G //
OO
B // 0
respectively. Therefore the given 1-motive MK extends to a unique ke´t 1-motive
M = [Y
u
−→ G] such that the ke´t log 1-motive M log associated to MK is induced
from M .
Proof. By the construction the monodromy pairing, its vanishing is clearly
equivalent to tlog being induced from a section t : Y ⊗S X → E of E. The proof of
the rest is similar to the proof of Theorem 3.1. 
Proposition 4.2. Let MK be a tamely ramified strict 1-motive over K, and
M log = [Y
ulog
−−→ Glog] the ke´t log 1-motive associated to MK . Assume that the
logarithmic monodromy pairing of MK is induced by a pairing µpi : Y ×X → π
Z.
Let
ulog2,pi : Y → Tlog = HomSkfl(X,Gm,log) ⊂ Glog
be the map induced by µpi, and u
log
1,pi := u
log − ulog2,pi. Then u
log
1,pi factors as
Y
u1,pi
−−−→ G →֒ Glog,
i.e. the ke´t log 1-motive [Y
ulog1,pi
−−−→ Glog] is induced from the ke´t 1-motive [Y
u1,pi
−−−→ G].
Proof. It suffices to prove that ulog1,pi factors through G →֒ Glog, the rest is
clear. The monodromy pairing of the ke´t log 1-motive [Y
ulog1,pi
−−−→ Glog] is the difference
of the monodromy pairings of [Y
ulog
−−→ Glog] and [Y
ulog2,pi
−−−→ Glog]. Since the two
monodromy pairings agree, we have that the monodromy pairing of [Y
ulog1,pi
−−−→ Glog]
vanishes. By Proposition 4.1, we are done. 
Example 4.1. Let MK = [YK
uK−−→ GK ] be a tamely ramified strict 1-motive
over K. Assume that both YK and GK have good reduction. Then both Y and
X are e´tale locally constant. Therefore the monodromy pairing 〈−,−〉 : Y ×X →
(Gm,log/Gm)Skfl factors through the canonical homomorphism
πZ ∼=M
gp
S /O
×
S → (Gm,log/Gm)Skfl .
In other words, the monodromy pairing of MK satisfies the assumption of Propo-
sition 4.2 in this case.
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The construction of the decomposition ulog = ulog1,pi + u
log
2,pi involves the chosen
uniformizer π. Next we look for a decomposition ulog = ulog1 + u
log
2 independent of
the choice of a uniformizer, such that
(4.5)
ulog1 is induced by some map u1 : Y → G and u
log
2 factors through Tlog →֒ Glog.
Proposition 4.3. Let MK be a tamely ramified strict 1-motive over K, and
M log = [Y
ulog
−−→ Glog] the ke´t log 1-motive associated to MK. The decompositions
ulog = ulog1 + u
log
2 satisfying the condition (4.5) correspond canonically to the trivi-
alizations t : Y ⊗X → E of the extension E from (4.1). Then the homomorphism
ulog2 corresponds to the difference homomorphism t
log − t, where tlog is as in (4.1).
Proof. Given a decomposition ulog = ulog1 +u
log
2 satisfying the condition (4.5),
the map u1 associated to u
log
1 gives rise to a section t : Y ⊗X → E of E.
Conversely, given a section t : Y ⊗ X → E of E, the decomposition tlog =
t + (tlog − t) := t1 + t2 gives rise to a decomposition u
log = ulog1 + u
log
2 with u
log
i
induced by ti. It is clear that u
log
1 factors throughG →֒ Glog. By an easy calculation
tlog − t factors through Gm,log →֒ E
log, therefore ulog2 factors as Y → Tlog → Glog.
Hence the decomposition ulog = ulog1 + u
log
2 satisfies the condition (4.5). 
As before, let Z := Y ⊗X . We abbreviate (Gm,log/Gm)Skfl as Gm,log. Applying
the functor HomSkfl(Z,−) to the short exact sequence
0→ Gm → Gm,log → Gm,log → 0,
we get an exact sequence
HomSkfl(Z,Gm,log)
α
−→ HomSkfl(Z,Gm,log)→ Ext
1
Skfl(Z,Gm)→ Ext
1
Skfl(Z,Gm,log).
Let µlog ∈ HomSkfl(Z,Gm,log) be the element corresponding to the logarithmic
monodromy pairing 〈−,−〉 of MK . Then the element E of Ext
1
Skfl(Z,Gm) is the
image of µlog along the map HomSkfl(Z,Gm,log) → Ext
1
Skfl(Z,Gm). If E is trivial,
then the subset
α−1(µlog) ⊂ HomSkfl(Z,Gm,log) = HomSkfl(Y, Tlog)
is not empty, and its elements correspond to the choices of ulog2 .
4.2. Comparison with Raynaud’s geometric monodromy. Since B and
B∨ become abelian schemes after base change to S′, P×SS
′ is the Weil biextension
of the abelian schemes B ×S S
′ and B∨ ×S S
′, in particular
P ×S S
′ ∈ Biext1S′
fl
(B ×S S
′, B∨ ×S S
′;Gm).
It follows that the extension E×SS
′ lies in the subgroup Ext1S′
fl
((Y ⊗X)×SS
′,Gm)
of the group Ext1S′
kfl
((Y ⊗X)×S S
′,Gm). Therefore the image of the map δ from
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(3.11) lands in the subgroup H1fl(S
′,Gm) of H
1
kfl(S
′,Gm). Since H
1
fl(S
′,Gm) = 0,
the diagram (3.11) gives rise to the following commutative diagram
(4.6)
0 // Gm(S
′) //

E(S′) //

Y ⊗X(S′) // 0
0 // Gm,log(S
′) //
∼=

Elog(S′) //
∼=

Y ⊗X(S′) //
∼=

tlog
kk
0
0 // Gm(SpecK
′) // EK(SpecK
′) // YK ⊗XK(SpecK
′) //
tK
kk
0
with exact rows. Then the pairing (4.2) induces a pairing
〈−,−〉 : Y (S′)×X(S′)→ Gm,log(S
′)/Gm(S
′).
Since Gm(S
′) = R
′× and Gm,log(S
′) = R
′× × π
′Z, we get a Gal(S′/S)-equivariant
pairing
(4.7) 〈−,−〉 : Y (S′)×X(S′)→ π
′Z.
Proposition 4.4. The pairing (4.7) coincides with the geometric monodromy
pairing µ : YK ×XK → π
Q from [Ray94, 4.3].
Proof. The map tK in the diagram (4.6) induces a homomorphism
YK ⊗XK(SpecK
′)→ EK(SpecK
′)/E(S′)
which gives rise to exactly the monodromy pairing from [Ray94, 4.3]. Since the
second row and the third row are isomorphic in the diagram (4.6), we are done. 
If Raynaud’s geometric monodromy pairing µ factors through πZ, [Ray94,
Prop. 4.5.1] gives a decomposition uK = u
1
K,pi + u
2
K,pi such that
the K-1-motive M1K,pi = [YK
u1K,pi
−−−→ GK ] has potentially good reduction;
and u2K,pi factors through the torus part TK of GK .
(4.8)
Moreover such a decomposition is made independent of the choice of the uniformizer
π in [Ray94, Prop. 4.5.3], namely a decomposition uK = u
1
K + u
2
K satisfying
the condition analogous to (4.8), corresponds to a trivialisation of the extension
τ : ZK := YK ⊗ YK → Erig, where Erig is as defined in [Ray94, Rmk. 4.5.2 (iii)].
Our decompositions ulog = ulog1,pi + u
log
2,pi and u
log = ulog1 + u
log
2 are compatible with
Raynaud’s decompositions uK = u
1
K,pi + u
2
K,pi and uK = u
1
K + u
2
K . More precisely,
we have the following.
Proposition 4.5. The restrictions of the decompositions ulog = ulog1,pi + u
log
2,pi
and ulog = ulog1 +u
log
2 give rise to Raynaud’s decompositions uK = u
1
K,pi+u
2
K,pi and
uK = u
1
K + u
2
K respectively.
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5. Log finite group objects associated to ke´t log 1-motives
5.1. Log finite group objects. Let S be a locally noetherian fs log scheme.
Kato has developed a theory of log finite group objects, which is parallel to the
theory of finite flat groups scheme in the non-log world. The main references are
[Kat92] and [MS].
Definition 5.1. The category (fin/S)c is the full subcategory of the category
of sheaves of finite abelian groups over (fs/S)kfl consisting of objects which are
representable by a classical finite flat group scheme over S. Here classical means
the log structure of the representing log scheme is the one induced from S.
The category (fin/S)f is the full subcategory of the category of sheaves of finite
abelian groups over (fs/S)kfl consisting of objects which are representable by a
classical finite flat group scheme over a kummer flat cover of S. For F ∈ (fin/S)f ,
let U → S be a log flat cover of S such that FU := F ×S U ∈ (fin/U)c, then the
rank of F is defined to be the rank of FU over U .
The category (fin/S)e´ is the full subcategory of (fin/S)f consisting of objects
which are representable by a classical finite flat group scheme over a kummer e´tale
cover of S.
The category (fin/S)r is the full subcategory of (fin/S)f consisting of objects
which are representable by a log scheme over S.
Let F ∈ (fin/S)f , the Cartier dual of F is the sheaf F
∗ := HomSkfl(F,Gm). By
the definition of (fin/S)f , it is clear that F
∗ ∈ (fin/S)f .
The category (fin/S)d is the full subcategory of (fin/S)r consisting of objects
whose Cartier dual also lies in (fin/S)r.
Proposition 5.1 (Kato). The categories (fin/S)f , (fin/S)e´, (fin/S)r, and
(fin/S)d are closed under extensions in the category of sheaves of abelian groups on
(fs/S)kfl.
Proof. See [Kat92, Prop. 2.3]. 
Definition 5.2. Let p be a prime number. A log p-divisible group (resp.
ke´t log p-divisible group, resp. kfl log p-divisible group) over S is a sheaf of
abelian groups G on (fs/S)kfl satisfying:
(1) G =
⋃
n≥0Gn with Gn := ker(p
n : G→ G);
(2) p : G→ G is surjective;
(3) Gn ∈ (fin/S)r (resp. Gn ∈ (fin/S)e´, resp. Gn ∈ (fin/S)f) for any n > 0.
We denote the category of log p-divisible groups (resp. ke´t log p-divisible groups,
resp. kfl log p-divisible groups) over S by (p-div/S)log (resp. (p-div/S)loge´ , resp.
(p-div/S)logf ). The full subcategory of (p-div/S)
log consisting of objects G with
G1 ∈ (fin/S)d for n > 0 will be denoted by (p-div/S)
log
d . A log p-divisible group
G with Gn ∈ (fin/S)c for n > 0 is clearly just a classical p-divisible group, and we
denote the full subcategory of (p-div/S)logd consisting of classical p-divisible groups
by (p-div/S).
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5.2. Log finite group objects associated to ke´t log 1-motives.
Definition 5.3. Let S be an fs log scheme, M log = [Y
u
−→ Glog] a ke´t log
1-motive over S, and n a positive integer. By Lemma 2.2 and Corollary 2.1, we
can regard M log as a complex of sheaves on (fs/S)kfl, and define
Tn(M
log) := H−1(M log ⊗LZ Z/nZ).
Proposition 5.2. Let S be a locally noetherian fs log scheme,
M log = [Y
u
−→ Glog]
a ke´t log 1-motive over S, and n a positive integer. Then we have the following.
(1) Tn(M
log) fits into the following exact sequence
0→ Glog[n]→ Tn(M
log)→ Y/nY → 0
of sheaves of abelian groups on (fs/S)kfl.
(2) Tn(M
log) ∈ (fin/S)e´.
(3) Let m be another positive integer, then the map Tmn(M
log) → Tn(M
log) in-
duced by Z/mnZ
m
−→ Z/nZ is surjective.
(4) If M log is a log 1-motive, then Tn(M
log) ∈ (fin/S)d.
Proof. For part (1), by [Ray94, §3.1], it suffices to show that the multipli-
cation by n is injective on Y and surjective on Glog for the Kummer flat topology.
The injectivity of the map Y
n
−→ Y is trivial. We are reduced to show the surjectiv-
ity of the map Glog
n
−→ Glog. Without loss of generality, we may assume that M
log
is a log 1-motive. Let G be an extension of an abelian scheme B by a torus T over
S. Consider the following commutative diagram
0 // Tlog //
n

Glog //
n

B //
n

0
0 // Tlog // Glog // B // 0
with exact rows. The multiplication by n is clearly surjective on B, and the
surjectivity of the multiplication by n on Tlog follows from the surjectivity of
Gm,log
n
−→ Gm,log. It follows that Glog
n
−→ Glog is surjective.
For part (2), we may still assume that M log is a log 1-motive. We have a short
exact sequence 0 → Tlog[n] → Glog[n] → B[n] → 0. Let X be the character group
of T , then we get an exact sequence
0→ T → Tlog → HomSkfl(X,Gm,log/Gm)→ 0.
Since Gm,log/Gm is torsion-free, we get T [n] = Tlog[n]. Then we get a short exact
sequence 0 → T [n] → Glog[n] → B[n] → 0. Therefore Glog[n] ∈ (fin/S)r by
Proposition 5.1. Applying Proposition 5.1 again to the short exact sequence
0→ Glog[n]→ Tn(M
log)→ Y/nY → 0,
we get Tn(M
log) ∈ (fin/S)r.
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Part (3) is clearly true for the two ke´t log 1-motives [Y → 0] and [0 → Glog].
It follows that it also holds for M log.
At last, we prove part (4). By the proof of part (2) we get Tn(M
log) ∈ (fin/S)r.
Similarly, we have Tn(M
log)∗ = Tn((M
log)∨) ∈ (fin/S)r, where (M
log)∨ denotes the
dual of the log 1-motive M log. It follows that Tn(M
log) ∈ (fin/S)d. 
Definition 5.4. Let S be a locally noetherian fs log scheme,
M log = [Y
u
−→ Glog]
a ke´t log 1-motive over S, and p a prime number. The ke´t log p-divisible group
of M log is defined to be M log[p∞] :=
⋃
n Tpn(M
log).
5.3. Extending finite group schemes associated to tamely ramified
strict 1-motives.
Theorem 5.1. Let the notation and the assumptions be as in Theorem 3.1,
and let n be a positive integer. Then Tn(M
log) lies in (fin/S)e´, and it extends the
finite group scheme Tn(MK) over K to S.
Proof. Since Tn(M
log)×SS
′ = Tn(M
log×SS
′) ∈ (fin/S)r and S
′ is a Kummer
e´tale cover of S, we get Tn(M
log) ∈ (fin/S)e´. Since M
log ×S SpecK =MK , we get
Tn(M
log)×S SpecK = Tn(MK). 
The following theorem is stated in [Kat92, §4.3] without proof. Here we present
a proof.
Theorem 5.2 (Kato). Let K be a complete discrete valuation field with ring
of integers R, p a prime number, and AK a tamely ramified abelian variety over
K. We endow S := SpecR with the canonical log structure. Then the p-divisible
group AK [p
∞] of AK extends to an object of (p-div/S)
log
e´ . It extends to an object
of (p-div/S)logd if any of the following two conditions is satisfied.
(1) AK has semi-stable reduction.
(2) p is invertible in R.
Proof. By [Ray94, §4.2], there exists a tamely ramified strict 1-motiveMK =
[YK
uK−−→ GK ] such that MK [p
∞] = AK [p
∞], and MK has good reduction if AK
has semi-stable reduction. By Theorem 3.1, MK extends to a ke´t log 1-motive
M log = [Y
ulog
−−→ Glog]. Then MK [p
∞] extends to M log[p∞] ∈ (p-div/S)loge´ by
Theorem 5.1.
If AK has semi-stable reduction, then MK has good reduction. Therefore the
ke´t log 1-motive M log is actually a log 1-motive over S. It follows that M log[p∞] ∈
(p-div/S)logd .
If p is invertible in R, then the object Tpn(M
log) ∈ (fin/S)e´ actually lies in
(fin/S)d by [Kat92, Prop. 2.1]. It follows that M
log[p∞] ∈ (p-div/S)logd . 
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